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Coincidence and Common Fixed Point
Theorems for Hybrid Mappings

ABDELKRIM ALIOUCHE AND VALERIU PopA

ABSTRACT. We prove common fixed point theorems for two pairs of
hybrid mappings satisfying implicit relations in metric spaces using the
concept of T'—weak commutativity and we correct errors of [1], [4], [5]
and [12]. Our Theorems generalize results of [1-5], [12] [16], [17-20] and
[26].

1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space. For z € X and A C X, D(z,A) =
inf {d(z,y), y € A}.

Let CB(X) be the set of all nonempty closed and bounded subsets of X.
Let H be the Hausdorff metric with respect to d defined by

H(A, B) = max {sup D(a,B), sup D(A,b)} for all A, B € CB(X).
acA beB
It is well known that (CB(X), H) is a metric space and if (X, d) is com-
plete, then (CB(X), H) is also complete

Lemma 1.1 ([14]). If A,B € CB(X) and k > 1, then for each a € A, there
exists b € B such that d(a,b) < kH(A, B).

Let f: X — X be a single-valued mapping and T': X — CB(X) be a
multi-valued mapping.

Definition 1.2. 1) A point x € X is said to be a coincidence point of
fand T if fx € Tx. We denote by C(f,T') the set of all coincidence
points of f and T
2) A point z € X is a fixed point of T if z € T'z.

Definition 1.3. 1) f and T are said to be commuting [4] in X if for
all z € X, fTx C Tfx.
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2  COINCIDENCE AND COMMON FIXED POINT THEOREMS FOR HYBRID MAPPINGS

2) f and T are said to be weakly commuting on X [21, 22] if for all
zeX, fTr € CB(X) and
H(fTx,Tfx) < D(f,Tx)
3) f and T are said to be compatible [7, 11] if for all z € X, fTx €
CB(X) and
lim H(fTxp, Tfz,) =0
whenever {x,} is a sequence in X such that lim, o fx, =t € A=
lim,, oo T'x;, for some t € X and A € CB(X).

Commuting implies weakly commuting implies compatible, but the con-
verse is not true in general, see [9].

Definition 1.4. 1) f and T are said to be weakly compatible [8,9] if
they commute at their coincidence points; i.e., fx € Tz implies that
fTe=Tfx.

2) f and T are said to be R-weakly commuting at z € X [15, 23], if
fTx € CB(X) and there exists an R > 0 such that

(1.1) H(fTx,Tfx) < RD(fz,Tx)

f and T are said to be pointwise R-weakly commuting on X if for
all z € X, fTx € CB(X) and (1.1) holds for some R > 0.
3) fandT aresaid to be (IT)-commuting at x € X [25] if fTz C T fx.

It is proved in [25] that a pointwise R-weakly commuting hybrid pair is
not weakly compatible in general and IT-commutativity of f and T at a
coincidence point is more general than their weak compatibility at the same
point. However, pointwise R-weak commutativity at a coincidence point is
equivalent to (I7") commutativity at this point.

Definition 1.5 ([10]). f is T-weakly commuting at z € X if ffz € T fx.

Remark 1.6. 1) For a hybrid pair (f,T), (IT) commuting at coinci-
dence points implies that f is T-weakly commuting at these points,
but T-weakly commuting hybrid pair is neither I'T-commuting nor
compatible nor weakly commuting nor weakly compatible in general,
see [10].

2) If T is a single-valued mapping, then T-weak commutativity at co-
incidence points is equivalent to weak compatibility of f and T

3) If f and T are single-valued maps then weak compatibility of f
and T is equivalent to R-weak commutativity of f and T at their
coincidence points.

Lemma 1.7. a) If f is T-weakly commuting at x € X, then fx €
C(f. 7).
b) If f is T-weakly commuting at x € X and fx = ffx, then fx is a
common fixed point of f and T.
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The following Theorem was proved by [12].

Theorem 1.8. Let (X,d) be a complete metric space, T : X — X and
F,G: X — CB(X) satisfying

(1.2) F(X)UG(X) CcT(X),

L3 T 1s F-weakly commuting and

(1.3) T is G-weakly commuting at their coincidence points.
D?(Fz,Ty) + D*(Gy,T

(1.4) H(Fz,Gy) < o 2 EBTY) £ DGy T0) | ipy

D(Fz,Ty) + D(Gy,Tx)

forall z,y € X, ©z # y, Fx # Fy and Gz # Gy, where a,b > 0 and
a+ 2b < 1, whenever D(Fz,Ty) + D(Gy,Tz) # 0 and H(Fz,Gy) = 0
whenever D(Fx,Ty) + D(Gy,Tx) = 0. Then, there exists z € X such that
z=Tz¢e€ FzNG=z.

In [17] and [18], the study of fixed points for mappings satisfying im-
plicit relations was introduced and the study of a pair of hybrid mappings
satisfying implicit relations was initiated in [19].

It is our purpose in this paper to prove coincidence and common fixed
point theorems for two pairs of hybrid mappings satisfying implicit relations
which generalize results of [1-5], [12], [16], [17-20] and [26].

2. IMPLICIT RELATIONS

Let ®g the family of all real continuous mappings ¢(t1, to, t3,ta,ts, 1) :
Ri — R satisfying the following conditions:

(¢1) : ¢ is increasing in variable ¢; and decreasing in variables t3, t4, t5 and
te.
(¢2) : there exists 0 < h < 1 and k > 1 such that
(¢q) : u < kt and ¢(t,v,v,u,u+ v,0) <0 or
(dp) : u <kt and ¢(t,v,u,v,0,u~+v) <0
implies u < hw.

Example 2.1. ¢(t1,t2,t3,14,t5,t6) = t1—ata—b(t3+1ts) —c(t5+tg), a,c > 0,
b>0and a+2b+2c<1.
(¢1) : Obviously.

(¢2): Let 1 < k < ,u < kt and

a+2b+ 2c
o(t,v,v,u,u +v,0) =t —av — b(v+u) — c(u+v) <O0.

Then, u < kt < u < kav+kb(v+u)+kc(u+v)] and so u < hv, where
h—w<1 Similarly, v < kt and ¢(t, v, u,v,0,u+v) <0
_1—(]€b+k6) . Y, — ) Yy Uy Yy Yy =

implies u < hv.
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t t
Example 2.2. ¢(t1,t2,t3,t4,t5,t6) = 1 — amax{tg,tg,t4,5;6},
O0<a<l
(¢1) : Obviously.

1
(¢2) : Let 1 <k < —, u <kt and
a
é(t,v,v,u,u+v,0) :t_amax{%u’u—;v} <0,
Then,
U+ v

u < kt < kamax {v,u, } < kamax{v,u}.

If u > 0 and u > v, it follows that u < kau < uw which is a contradic-
tion and so u < hv, where h = ka < 1. If u = 0, therefore u < hv.
Similarly, u < kt and ¢(t,v,u,v,0,u + v) < 0 implies u < hwv.
Example 2.3. gf)(tl, tQ, t3, t4, t5, tﬁ) = 751 —Qa max{t%, t3t4, t5t6, t3t5, t4t6}%,
1
O<a<—.

V2
(¢1) : Obviously.

1
(p2) : Let 1 <k < ——=, u <kt and

av/'2

o(t,v,v,u,u +v,0) =t — amax{v?, uv,v(u+v)}

N

<0.
Then,
1
u < kt < kamax {v*,uv,v(u+v)}?.

If w > 0 and v > v, it follows that u < kav/2u < u which is a
contradiction and so u < hv, where h = kav2 < 1. If u = 0,
therefore u < hv. Similarly, v < kt and ¢(t,v,u,v,0,u +v) < 0
implies u < hv.

i1

Example 2.4. ¢(t1,to,t3,t4,t5,t6) =7 + ————
p o(t1,ta,t3,ta,t5,t6) 1+1+t5t6

bc>0anda+b+c<1.
(¢1) : Obviously.
(p2) : Let 1 <k <

—at3 —bt3 —ct], a >0,

, u < kt and

1
va+b+c
o(t,v,v,u,u+0,0) =12+t — av® — bw? — cu® <0.

Then, t? < av?® + bv? + cu? and v? < k% < k? (av2 +?+ cu2).
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/ b
It follows that v < hqv, where hy = k % < 1. Simi-
— k2c

larly, v < kt and ¢(t,v,u,v,0,u + v) < 0 implies u < hov, where

hy = ky /1“_7:;6 < 1. If h = max{hy, ha}, then u < hv.

Example 2.5. gf)(fl, tg, t3, t4, t5, tﬁ) =
=P — max{atgtgfl, at§71t4, at§71t4,0t€71t6}, p>2,0<a<landc>0.
(¢1) : Obviously.
1
(p2) : Let 1 <k < —=, u < kt and

Ja

b(t,v,v,u,u +v,0) = tP — max{av?, e’ u} < 0.

Then, u? < kPtP < kPmax{av?,avP tu}. If u > 0 and u > v,
it follows that u? < akPuP < uP which is a contradiction and so
u < hv, where h = k¢/a < 1. If u = 0, therefore u < hv. Similarly,
u < kt and ¢(t, v, u,v,0,u + v) < 0 implies u < hv.

ts + 6
) 2
—(1 — @) max{#3, tsts, tste, 3tste, gtats}2], 0 <b<land 0 < a < 1.

(¢1) : Obviously.
1
(¢p2) : Let1<k<g,u§ktand

Example 2.6. ¢(t1,t2,t3,t4,t5,t6) = tl — b[amax{tg,tg,t4,

}_

¢(t,U,U,U,U+U,O) =

1
1 2
=t—b [amax {’U,’U,, UQ—H)} —(1—a) max{v2,uv,2u(u+v)} ] <0.

Then,

1
1 3
u < kt < kb [amax{v,u, u—;—v} + (1 — a) max {UQ,UU, §u(u + v)} ] )
If w > 0 and u > v, it follows that © < kbu < u which is a contradic-
tion and so u < hv, where h = kb < 1. If u = 0, therefore u < hv.
Similarly, u < kt and ¢(t,v,u,v,0,u + v) < 0 implies u < hwv.

2413

Example 2.7. ¢(t1,t2,t3,t4,t5,t6) = t1 — aty — btsi: - C(tg + t4),
5 6

ts +t6 #0,a,b>0,c>0and a+2b+2c < 1.
t5 + 13

Example 2.8. ¢(t1,t2,t3,t4,t5,t6) = t1 —aty — b — C(t5 + t6),

t3 + 14
ts+t4 #0,a,b,c>0and a+2b+ 2c < 1.
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: . R+t 3+t
They follow as in Example 2.1 since PR < t5+tg and w <t3+ty
6

. ts i3 414
if t5 +tg # 0 and t3 + t4 # 0.

3. MAIN RESULTS

Theorem 3.1. Let (X,d) be a metric space, S, T : X — X and F,G : X —
CB(X) satisfying

(3.1) F(X)c T(X) and G(X)C S(X)

5. gi)(H(F:E, Gy),d(Sz,Ty),D(Sx, Fz), D(Ty, Gy),
. D(Sx,Gy),D(Fx,Ty)) <0

for all x,y € X, where ¢ € g, whenever D(Sz,Gy) + D(Fx,Ty) # 0 and
H(Fz,Gy) = 0 whenever D(Sz,Gy)+ D(Fz,Ty) = 0. Suppose that one of
S(X) or T(X) is complete. Then

a) there exists p,q € X such that Sp € Fp and Tq € Gq.

Further, if S is F-weakly commuting and T is G-weakly commuting at their
coincidence points, therefore

b) There exists z € X such that Sz € Fz and Tz € Gz.

c) In the case (b), if Sz =Tz, then Sz =Tz € FzNGxz.

d) In the case (c), if Sz =Tz = z, then z is a common fized point of
S, T,F and G.

Proof. First, assume that there exists p,¢ € X such that D(Sp,Gq) +
D(Fp,Tq) = 0. So, D(Sp,Gq) = 0 and D(Fp,Tq) = 0 which implies that
Sp € Gq and Tq € Fp. Since H(Fp,Gq) = 0, it follows that D(Sp, Fp) <
H(Fp,Gq) = 0 and hence Sp € Fp. In a similar manner, we get Tq € Gq.

Now, assume that D(Sz,Gy) + D(Fz,Ty) # 0 for all z,y € X. Let
xo € X be an arbitrary point. By (3.1) and Lemma 1.1, we define a sequence
{yn} in X such that

Yon = Sxay € Grop_1, Yont1 = Twony1 € Faoy,
and

d(Yon, Yon+1) < kH(Fzon, GTop_1),
d(y2n+1, y2n+2) S kH(F.CEQn, Gx2n+1), fOl" n = 1, 2, .
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Using (3.2) and (¢1, we have
0> qﬁ(H(Fxgn, Gxon—1),d(Sxon, Tron—_1), D(Sxon, Fxay,),
D(Txop-1,Gxon-1), D(Sxon, Gron—1), D(Fap, Txgn,l))
> <Z><H(Fw2n, Gron—1), d(Y2n—1,Y2n), A(Y2n, Y2n+1),
d(Y2n—1, Y2n), 0, d(Y2n—1, yzn+1)) :
> <Z>(H(F332n7 Gzan—1), d(Y2n—1,Y2n), d(Y2ns Y2n+1),
d(Y2n—1,Y2n), 0, d(y2n—1, y2n) + d(Y2n, y2n+1)) :

By (¢3), we obtain

d(y2n7 y2n+1) S hd(y2n717 y2n)~

In the same manner, applying (3.3) we get
0> qb(H(Fa:gn, Gxont1), d(Sxon, Tront1), D(Sxon, Fxay,),
D(Txoni1, Grant1), D(Swon, Grons1), D(Faan, Tw2n+1)>
> ¢<H(F$2n, Gzan+1), d(Y2n, Y2n+1), d(Y2ns Y2n+1),

d(Y2n+15Y2n+2)s A(Y2ns Yon+1) + Ad(Y2n+1, Yon+2)s 0) .
By (¢4, we obtain

d(Y2n+1, Y2n+2) < hd(yon, Y2n+1)
and hence

d(yna yn—H) < hd(yn—la yn)-

Therefore, {y,} is a Cauchy sequence in X. As S(X) is complete, it
converges to z € S(X) and so there exists p € X such that z = Sp. Using
(3.2) and (¢1) we have

0> ¢(H(Fp,Gwan1), d(Sp, Twan1), D(Sp, Fp),
D(T$2n—la Gan—l); D(Spa G$2n—l); D(Fpa Tx2n—1)>
> ¢(D<Fp’ an)a d(Sp7 y2n—1)u -D(Spa FP),

d(Y2n—1, Y2n), A(SP, Y2n), D(Y2n—1, Fp)) -
Letting n tend to infinity, we get
¢(D(Fp, Sp),0, D(Fp, Sp),0,0, D(Fp, Sp)) < 0.
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By (¢») we obtain Sp € F'p. Similarly, as F'(X) C T'(X), there exists ¢ € X
such that z = Sp = T'q. Applying (3.2) and (¢1) we have

0> ¢(H(Frzn, Gq), d(Sw2n Tq) D(Sz20, Faz),
D(Tg, Gq), D(Sw3n, Ga), D(Fizn, Ta))
> ¢(D(y2n+17 Gq), d(Y2n, Tq), d(Y2n; Y2n+1),
D(Tq,Gq), D(y2n, Gq), d(y2n+1, Tq})
Letting n tend to infinity, we get
¢(D(Tq,Gq),0,0,D(Tq,Gq), D(Tq, Fq),0) < 0.

By (¢4) we obtain T'q € Gq. Since S is F-weakly commuting at p € C(S,T)
and T is G-weakly commuting at ¢ € C(G,T) it follows by Lemma 1.7
(a) that z = Sp € C(F,T) and z = Tq € C(G,T). Hence, Sz € Fz and
Tz e Gz. If Sz =Tz, then Sz =Tz € FzNGz and if Sz = Tz = z, then
z is a common fixed point of S, T, F and G. U

Corollary 3.2. Let (X,d) be a metric space, S,T : X — X and F,G :
X — CB(X) satisfying (3.1) and

H(Fz,Gy) < ad(Sz, Ty)+b(D(Sx, Fz)+D(Ty, Gy))+c(D(Sz, Gy), D(Fz,Ty))

for all x,y € X, where a,c > 0, b > 0 and a + 2b + 2¢ < 1. Suppose that
one of S(X) or T(X) is complete. Then, the conclusions (a), (b), (¢) and
(d) of Theorem 3.1 hold.

Proof. 1t follows from Theorem 3.1 and Example 2.1. 0

Remark 3.3. In Theorems of [1] and [12], to prove that z = Tz, the
authors used: “T'zo, € Groy—1 and Tz € Fz implies that d(Tzo,,Tz) <
H(Gxan—1, Fz)” which is false because “a € A and b € B implies d(a,b) <
H(A, B)” is not true in general as it shown by the following example.

Example 3.4. Let d(z,y) = |[x —y|, A = [0,3] and B = [1,1]. We have
0€ Aand 1€ B, but d(0,1) =1 > H(A, B) = . Therefore, Theorem 1.8
of [12] is false as it is proved by the following Example.

Example 3.5. Let (X,d) = ([1,0),].]), Sz =Tz = 2>+ 1 and Fz = Gz =
[2,2 + 3] for all x € X. It is easy to verify that for all z,y € X
d(Sz,Sy) = |2* — 4|
> 2|z —y|
= H(Fz, Fy)
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and hence

1
1 D*(Fx, Sy) + D*(Sz, Fy)
8 D(Fz,Sy)+ D(Sz,Fy)

It is easy to see that the other conditions of Theorem 1.8 of [12] are
satisfied, but S and F' have no common fixed point.

1

The following Corollary is the correct form of Theorem 1.8 of [12].

Corollary 3.6. Let (X,d) be a complete metric space, T : X — X and

F,G: X — CB(X) satisfying (1.2) and

D*(Fx,Ty) + D*(Tx,Gy)
D(Fz,Ty)+ D(Tz,Gy)

for all x,y € X, where a,c > 0 and a + 2¢ < 1, whenever D(Tx,Gy) +
D(Fz,Ty) # 0 and H(Fz,Gy) = 0 whenever D(Tz,Gy) + D(Fz,Ty) = 0.
Then, (a) holds. Further, if T is F-weakly commuting and T is G-weakly

commuting at their coincidence points, therefore the conclusions (b), (¢) and
(d) of Theorem 3.1 hold.

Proof. Tt follows from The fact that
D?*(Fz,Ty) + D*(Tz,Gy)
D(Fz,Ty) + D(Tx,Gy)
if D(Tx,Gy) + D(Fz,Ty) # 0 and Corollary 3.2. O

Remark 3.7. In [17] Remark 3 and [12] Remark 5, we have: “the conditions
in the hypothesis of Theorem 3.1 of [1] and Theorem 1 of [12], x # y, Fx #
Fy and Gx # Gy are necessary since the Theorem fails for F' and G taken
as constant mappings”. This is demonstrated by the following example.

Example 3.8. Let X = {0,1},7x =1 —z and Fz = Gz = {0,1} for all
x € X. It is easy to verify that the mappings satisfy all the hypothesis
except x # y, Fx # Fy.

H(Fz,Gy) < ad(Tz,Ty) + ¢

< D(Fz,Ty)+ D(Tz,Gy)

Remark 3.9. 1) In Example 3.8, we have T'(0) € F(0) and T'(1) €
F(1); i.e., T and F have coincidence points. Since T?(0) # T(0)
and T%(1) # T(1), T and F have no common fixed point.

2) In Theorems of [1], [4] and [12], x # y, Fx # Fy and Gz # Gy are
not necessary as it is shown by the following Example.

3) In Theorem 1 of [26], S and ¢ are compatible should be the pairs
(S, f) and (T,G) are compatible and in Corollary 2, ¢g should be
replaced by f and the pair (S, f) is compatible should be added.

4) In the paper of Imdad and J. Ali [5], the condition (¢,) should be
added in (G2) in order to prove that d(yon, yon+1) < hd(y2n—1,Y2n)
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and the condition (G3) should be deleted because it can be deduced
by ¢y for v = 0.
5) In [16], the authors made the following remark . It is not yet known
whether their Theorem remains true if one of the mappings f and
T is not continuous and Theorem 2 of [25] yields that the answer is
affirmative.
Example 3.10. Let X = {0, 1, %}, Tr =1—xand Fz = Gz = {0, %, 1} for
all x € X. It is easy to verify that the mappings satisfy the conditions of
Theorems of [1], [4] and [12] except  # y, Fz # Fy, but T(3) = 1 € F(3)
and so % is a common fixed point of T" and F'.

As ¢ # y,Fx # Fy and Gz # Gy are not necessary, it follows that
Theorem of [1] and Theorems 3.2 and 3.3 of [4] part (a) are false, it suffices
to take Example 3.8 for [1] and X ={0,1},\Te =1—z,Se =z =Jr ==z
and Foz = Gz = {0, 1} for all z € X for [4].

We can also prove the following Theorem which generalizes Theorems 3.2
and 3.3 of [4].

Theorem 3.11. Let (X,d) be a metric space, S, T : X — X and F,G :
X — CB(X) satisfying
F(X)CTg(X) and G(X) C Sf(X)

o(H(Fx,Gy),d(Sfx, Tgy),D(Sfz, Fx), D(Tgy, Cy),
D(Sfz,Gy), D(F%Tgy)> <0

for all x,y € X, where ¢ € ®g, whenever D(Sfx,Gy) + D(Fx,Tgy) # 0
and H(Fz,Gy) = 0 whenever D(Sfx,Gy)+ D(Fz,Tgy) = 0. Suppose that
one of S(X) or T(X) is complete. Then

a) There exists p,q € X such that Sfp € Fp and Tgq € Gq.
Further, if Sf is F-weakly commuting and Tg is G-weakly commuting at
their coincidence points, therefore

b) There exists z € X such that Sfz € Fz and Tgz € Gz.

c) In the case (b), if Sfz = Tgz, then Sfz =Tgz € FzN Gz.

d) In the case (C): if Sfz = Tgz = z, (Sa f); (Sfa 5)7 (Tag)i (TgvT)
commute, S’z = Sz, f?z = fz, T?2 = Tz and g°z = gz, then z is
a common fized point of f,S,T,9,Sf,Tg, F and G.

The following Theorem generalizes Theorems of Popa [17-20] and Imdad
et al [3].

Theorem 3.12. Let (X,d) be a metric space, S, T : X — X and F,G :
X — CB(X) satisfying (3.1) and

¢(H(Fz,Gy),d(Sz,Ty), D(Sx, Fz), D(Ty,Gy), D(Sx,Gy), D(Fx,Ty)) <0
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for all x,y € X, where ¢ € Pg. Suppose that one of S(X) or T(X) is
complete. Then, (a) holds. Further, if S is F-weakly commuting and T is
G-weakly commuting at their coincidence points, therefore the conclusions

(b), (¢) and (d) of Theorem 3.1 hold.

In the same manner, we can prove the following Theorem which extend
and improve Theorem 3.1 of Imdad and Ali [5].

Theorem 3.13. Let {F,}n,>1 be a sequence of multi-valued mappings from
a metric space (X,d) into CB(X) and S,T : X — X satisfying
Fi(X) CT(X) and F;(X) C S(X)

¢(H(Fﬁ;, Fyy),d(Sz, Ty),D(Sz, Fyz), D(Ty, Fyy),

D(Sa, Fyy), D(Fiz,Ty)) <0
forallz,y € X, where ¢ € Pg and i =2n—1, j =2n, n > 1. Suppose that
one of S(X) or T(X) is complete. Then

a) There exists p,q € X such that Sp € Fip and Tq € Fjq.

Further, if S is F;-weakly commuting and T is Fj-weakly commuting at their
coincidence points, therefore
b) There exists z € X such that Sz € Fz and Tz € Fjz.
c) In the case (b), if Sz =Tz, then Sz =Tz € FzN Fjz.
d) In the case (c), if Sz =Tz = z, then z is a common fized point of
S7 T, Fl and Gj.

Theorem 3.14. Let {F,},>1 be a sequence of mappings from a metric
space (X,d) into CB(X) and S,T : X — X satisfying
F(X)CT(X) and F,(X)CS(X), n>1

¢(H(F133, Foy),d(Sz, Ty),D(Sz, Fiz), D(Ty, Fny),
D(Sx,Fny),D(le,Ty)> <0

forall z,y € X, where ¢ € ®g, whenever D(Sz, Fjy) + D(Fiz,Ty) # 0 and
H(Fz,Gy) = 0 whenever D(Sz, Fy) + D(Fiz,Ty) = 0. Suppose that one
of S(X) or T'(X) is complete. Then

a) There exists p,q € X such that Sp € Fip and Tq € F,q, n > 1.
Further, if S is Fi-weakly commuting and T is Fy-weakly commuting at
their coincidence points for n > 1, therefore

b) There exists z € X such that Sz € Fiz and Tz € F;z.

c) In the case (b), if Sz =Tz, then Sz =Tz € FizN F;z.

d) In the case (c), if Sz =Tz = z, then z is a common fized point of
T,, F and G.
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The following Theorem generalizes Theorems of Popa [17-20], Imdad et
al [3] and Djoudi and Aliouche [2].

Theorem 3.15. Let {F}, },>1 be a sequence of multi-mappings from a metric
space (X,d) into CB(X) and S,T : X — X satisfying

F(X)CT(X) and Fo(X)cCS(X), n>1
¢(H(F1x7Fny)vd(vaTy)7D<Sx7F1x)aD<TyaFn )7

D(Sm,Fny),D(le,Ty)> <0

for all z,y € X, where ¢ € Pg. Suppose that one of S(X) or T(X) is
complete. Then, (a) holds. Further, if S is F1-weakly commuting and T is
F-weakly commuting at their coincidence points for n > 1, therefore, the
conclusions (b), (¢) and (d) of Theorem 3.14 hold.

Acknowledgements. The authors would like to thank Dr. Ali for his
paper [5].
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